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Overview

The homotopy theory of cyclotomic spectra

@ Joint work with Andrew Blumberg
@ Preprint: 77?7

@ How do cyclotomic spectra show up?
THH and TC

© What is a cyclotomic spectrum?
Some equivariant stable homotopy theory

© The homotopy theory of cyclotomic spectra

© A new interpretation of TC
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Hochschild Homology

Cyclic bar construction

NYR=R®---Q R®R
- N ——— e’

g factors
R ---®R
& &
R
7( ::.__7'(;‘ X,

Example: R = Z|[n]
N —
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Hochschild Homology HHy

Cyclic bar construction £ wamp
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Topological Hochschild Homology

THH (imﬂa-\
— joz/&%h,

Cyclic bar construction

NgyR:R/\---/\R/\R
N————

q factors
BRA---AR
A A
R o= TiX
B
Example: B :IH\Z[@or R=Y%Q, S22 qaor Wk
— Jz - \Qx.

Spectrum
Cyclic structure —
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Topological Hochschild Homology

Cyclic bar construction

NgyR:R/\---/\R/\R
N————

q factors
RnA---AR
N A
R

Example: R = HZ[r] or R = Q.

Spectrum
Cyclic structure = circle group action

w

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 4/23



The Dennis Trace and Goodwillie’s Theorem

Trace map K*(g) — HH.(R).
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The Dennis Trace and Goodwillie’s Theorem

Trace map K.(R) — HH.(R). — \(H\\JKX(%}* (E(B/ R)

Factors through negative cyclic homology
K.(R) — HN.(R)

For a map A — B, get a map on relative theories
<

K.(B,A) — HN,(B,A)

J
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The Dennis Trace and Goodwillie’s Theorem

Trace map K.(R) — HH.(R).
Factors through negative cyclic homology
K.(R) — HN.(R)
For a map A — B, get a map on relative theories
K.(B,A) — HN.(B, A)

Theorem (Goodwillie, 1986)

Let A — B be a surjection with nilpotent kernel. Then the map on
relative theories

K.(B,A) —{ HN,(B, A) )
=~ |
is an isomorphism after tensoring with Q J
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The Cyclotomic Trace and McCarthy/Dundas

Theorems

Question (Goodwillie)
Is there a corresponding theory that gets the p-adic information?
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Theorems

Question (Goodwillie)

Is there a corresponding theory that gets the p-adic information?

Békstedt—Hsiang—Madsen constructed spectrum TC
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The Cyclotomic Trace and McCarthy/Dundas

Theorems

Question (Goodwillie)
Is there a corresponding theory that gets the p-adic information?
Bokstedt—Hsiang—Madsen constructed spectrun@

and map
K(R) — TC(R)

Conjecture (1989)

Let A— B be a map of rings

and assume it is surjective with nilpotent kernel

then K(B, A) — TC(B, A) is a weak equivalence after p-completion.
T O~ ——— AL ~——

w

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 6/23




The Cyclotomic Trace and McCarthy/Dundas
Theorems

Question (Goodwillie)
Is there a corresponding theory that gets the p-adic information?
Békstedt—Hsiang—Madsen constructed spectrum TC

and map
K(R) — TC(R)

Theorem (McCarthy, 1997)

Let A— B be a map of rings
and assume it is surjective with nilpotent kernel
then K(B, A) — TC(B, A) is a weak equivalence after p-completion.
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The Cyclotomic Trace and McCarthy/Dundas
Theorems

Question (Goodwillie)
Is there a corresponding theory that gets the p-adic information?
Békstedt—Hsiang—Madsen constructed spectrum TC

and map
K(R) — TC(R)

Theorem (McCarthy/Dundas, 1997)

Let A — Bbe a map of ring spectra  Cone ek
and assume it is surjective with nilpotent kernel o
then K(B, A) — TC(B, A) is a weak equivalence after p-completion.

KIRNS =HZy  K(Z)e =2, ¥
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TC is not THN

Algebra | Topology
Abelian Groups HH, THH.,
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TC is not THN

Algebra | Topology

Abelian Groups HH, THH.,
Spectrum HH THH
HN.,

Homotopy Fixed Point Spectrum @ THHHT

T = circle group
e——————

w
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TC is not THN

Algebra | Topology
Abelian Groups HH, THH.,
Spectrum HH THH
Homotopy Fixed Points HN, THH;(ET)
Homotopy Fixed Point Spectrum | AN THHHT
X
Fag
HHp (z )

T = circle group
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TC is not THN

Algebra | Topology
Abelian Groups HH, THH.,
Spectrum HH THH
Homotopy Fixed Points HN, THH;(ET)
Homotopy Fixed Point Spectrum | HN THHHT
TC # THH™

Instead involves fixed points and geometric fixed points for finite
subgroups Cpm

T = circle group

w

M.A.Mandell (IU) 7/23

The Homotopy Theory of Cyclotomic Spectra Oct 2012



Fixed Points and Geometric Fixed Points

For a T-space X, what are the Cp-fixed points of x> X, ?
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Fixed Points and Geometric Fixed Points

For a T-space X, what are the Cp-fixed points of £3° X, ?

Might want/expect them to be Z%}Cpr”

Geometric Fixed Points

The geometric fixed point functor fI)_CP has the property that

C (@
PPEFX, = T30 X[
~—— — _
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Fixed Points and Geometric Fixed Points

For a T-space X, what are the Cp-fixed points of £3° X, ?

Might want/expect them to be Z%}Cpr”

Geometric Fixed Points

The geometric fixed point functor ®» has the property that

POTEX, = X0 X{P

Might want/expect them to be Cp-equivariant maps from _§0 to I X,

——
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Fixed Points and Geometric Fixed Points

For a T-space X, what are the Cp-fixed points of £3° X, ?

Might want/expect them to be Z%}Cpr”

Geometric Fixed Points

The geometric fixed point functor ®» has the property that

POTEX, = X0 X{P

Might want/expect them to be Cp-equivariant maps from SO to XX,

This is a different functor, the fixed point functor (—)%.
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Fixed Points

Ce _ e Ce_
Look at the case of S = £ S°. C[J S = gx':/c\,S - é
S% = spectrum of Cp-equivariant maps from Sto S. T/
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Fixed Points

Look at the case of S = £°S0.

Non-equivariant map example

C2_5¢%
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Fixed Points

Look at the case of S = £3°S0.
SC = spectrum of Cp-equivariant maps from S to S.

Co-equivariant map example
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Fixed Points

~ Ce kS
Look at the case of S = ¥°S°. o (S < .é’brmfbkw‘d
q . AL
SC = spectrum of Cp-equivariant maps from S to S. Rurn 5B rv\j
Co-equivariant map examples

w

Oct 2012 9/23

M.AMandell (IU)

The Homotopy Theory of Cyclotomic Spectra



Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T
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Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T

For suspension spectra, this map is split (tom Dieck splitting).
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Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T

For suspension spectra, this map is split (tom Dieck splitting).
Other piece is suspension spectrum of C, homotopy orbits.

w
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Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T

For suspension spectra, this map is split (tom Dieck splitting).
Other piece is suspension spectrum of C, homotopy orbits.

Summary
For T = X% X,

w
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Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T

For suspension spectra, this map is split (tom Dieck splitting).
Other piece is suspension spectrum of C, homotopy orbits.

For T = X% X,
@ Geometric fixed points ®% T = ¥2°, ., X"

T/CP
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Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T

For suspension spectra, this map is split (tom Dieck splitting).
Other piece is suspension spectrum of C, homotopy orbits.

For T = X% X,
@ Geometric fixed points @ T = ¥, X"

T/CP
@ Fixed points T% = T/C,,(XC”I_I(ET xc, X))+
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Fixed Points and Geometric Fixed Points

Canonical map
T% — ®%T

For suspension spectra, this map is split (tom Dieck splitting).
Other piece is suspension spectrum of C, homotopy orbits.

For T = X% X,
@ Geometric fixed points @ T = ¥, X"

T/CP
® Fixed points T% = £,(X" L1 (ET x¢, X))+

T% = 5502 (XY I (E(T/Cp) X c2/c, X)L (ET x e X)) o

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 10/23



The Structure of THH

R=%%Q,,Q=0X.

——

THH(R) ~ I AX
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The Structure of THH

Example
R=X>*Q.,, Q=0QX.
THH(R) ~ T AX

OO THH ~ Z%}CP(AX)CP
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The Structure of THH

R=%%Q,,Q=0X.

THH(R) ~ Z°AX

OO THH ~ Z%}CP(AX)CP

p: T=T/Cp IIJ
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The Structure of THH

R=%%Q,,Q=0X.

THH(R) ~ Z°AX

OO THH ~ Z%}CP(AX)CP

P (AX)% = AX

oD W
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The Structure of THH

R=13>Q,,Q=0X.
THH(R) ~ TAX
©CTHH ~ T35 (AX)%

PAX)P =AX = I (AX)% ~ TRAX

Cyclotomic Structure

r: p*®% THH(R) = THH(R)
.-

p: T=T/Cp o
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Construction of TC

The maps R and F
R: THHS™ — (p*®% THH) %' — THH "
F: THHS" — THH%"
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Construction of TC

The maps R and F
R: THHS" — (p*q>Cp THH)Cpmq N THHCpmq
F: THHS" — THH %"~

TR = holim(- - - & THHC" By ... B, THRH)
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Construction of TC

The maps R and F
R: THHS" — (p*q>Cp THH)Cpmq N THHCpmq
F: THHS" — THH %"~
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Construction of TC

The maps R and F
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Construction of TC

The maps R and F
R: THHS™ — (p*®% THH) %' — THH "
F: THHS" — THH "

TR = holim(- - - & THHC B, ... B, THH)
£

TF = holim(- - - £ THHG»" -5 THH)
TC = TR ~ TF"A
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The Homotopy Theory of Cyclotomic Spectra
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The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences

w

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 13/23



The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences

o Hesselholt-Madsen: Computation of K-theory of local fields and
proof of the Quillen-Lichtenbaum conjecture
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The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences

o Hesselholt-Madsen: Computation of K-theory of local fields and
proof of the Quillen-Lichtenbaum conjecture

o Ausoni-Rognes: Program for understanding A(x)
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The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences
o Hesselholt-Madsen: Computation of K-theory of local fields and
proof of the Quillen-Lichtenbaum conjecture
o Ausoni-Rognes: Program for understanding A(x)

o Blumberg-Mandell: Localization sequence, Mayer-Vietoris,
blow-up theorem, and projective bundle theorem for TC of
schemes.
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The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences

o Hesselholt-Madsen: Computation of K-theory of local fields and
proof of the Quillen-Lichtenbaum conjecture

o Ausoni-Rognes: Program for understanding A(x)

o Blumberg-Mandell: Localization sequence, Mayer-Vietoris,
blow-up theorem, and projective bundle theorem for TC of
schemes.

© What are maps of cyclotomic spectra?

e Strictly commuting structure maps?
Homotopy commuting structure maps?
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The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences
o Hesselholt-Madsen: Computation of K-theory of local fields and
proof of the Quillen-Lichtenbaum conjecture
o Ausoni-Rognes: Program for understanding A(x)

o Blumberg-Mandell: Localization sequence, Mayer-Vietoris,
blow-up theorem, and projective bundle theorem for TC of
schemes.

© What are maps of cyclotomic spectra?

e Strictly commuting structure maps?
Homotopy commuting structure maps?

o What is the set of homotopy classes of cyclotomic maps?
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The Homotopy Theory of Cyclotomic Spectra

@ Cofiber sequences
o Hesselholt-Madsen: Computation of K-theory of local fields and
proof of the Quillen-Lichtenbaum conjecture
o Ausoni-Rognes: Program for understanding A(x)

o Blumberg-Mandell: Localization sequence, Mayer-Vietoris,
blow-up theorem, and projective bundle theorem for TC of
schemes.

© What are maps of cyclotomic spectra?
e Strictly commuting structure maps?

Homotopy commuting structure maps?

o What is the set of homotopy classes of cyclotomic maps?
What is the homotopy type of the space/spectrum of cyclotomic

maps? IIJ
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Homotopy Theory

Model Category

Consists of a category C having all finite limits and colimits

Together with three classes of maps, called cofibrations, fibrations,
- (_’_’_’—_' —_—
and wea/k,gguutalences

Such that:
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Homotopy Theory

Model Category

Consists of a category C having all finite limits and colimits

Together with three classes of maps, called cofibrations, fibrations,
and weak equivalences
Such that:

@ Weak equivalences satisfy the 2-out-of-3 property
@ All three classes of maps are closed under retracts

© Cofibrations have the left lifting property with respect to acyclic

fibrations and fibrations have the left lifting property with respect to
acyclic cofibrations

© Every map factors as a cofibration followed by an acyclic fibration
and as an acyclic cofibration followed by a fibration
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Homotopy Theory

Model Category

Consists of a category C having all finite limits and colimits
Together with three classes of maps, called cofibrations, fibrations,
and weak equivalences
Such that:
@ Weak equivalences satisfy the 2-out-of-3 property
@ All three classes of maps are closed under retracts

© Cofibrations have the left lifting property with respect to acyclic

fibrations and fibrations have the left lifting property with respect to
acyclic cofibrations

© Every map factors as a cofibration followed by an acyclic fibration
and as an acyclic cofibration followed by a fibration

— abstract homotopy theory / homotopy category / good theory of IIJ
derived functors / etc., etc., etc.
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Homotopy Theory

Model Category

Consists of a category C having-eH-firite-tmite-are-cotimits-

Together with three classes of maps, called cofibrations, fibrations,
and weak equivalences

Such that:

@ Weak equivalences satisfy the 2-out-of-3 property
@ All three classes of maps are closed under retracts

© Cofibrations have the left lifting property with respect to acyclic
fibrations and fibrations have the left lifting property with respect to
acyclic cofibrations

© Every map factors as a cofibration followed by an acyclic fibration
and as an acyclic cofibration followed by a fibration

— abstract homotopy theory / homotopy category / good theory of IIJ
derived functors / etc., etc., etc.
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Homotopy Theory finite products and coproducts,
pushouts along cofibrations, and

Model Category pullbacks along fibrations -
Consists of a category C having-et-Haite-tHrts-are-cotmis
Together with three classes of maps, called cofibrations, fibrations,
and weak equivalences
Such that:
@ Weak equivalences satisfy the 2-out-of-3 property
@ All three classes of maps are closed under retracts
© Cofibrations have the left lifting property with respect to acyclic
fibrations and fibrations have the left lifting property with respect to
acyclic cofibrations

© Every map factors as a cofibration followed by an acyclic fibration
and as an acyclic cofibration followed by a fibration

— abstract homotopy theory / homotopy category / good theory of IIJ
derived functors / etc., etc., etc.
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Homotopy Theory finite products and coproducts,
pushouts along cofibrations, and

Model* Category pullbacks along fibrations -
Consists of a category C having-et-Haite-tHrts-are-cotmis
Together with three classes of maps, called cofibrations, fibrations,
and weak equivalences
Such that:
@ Weak equivalences satisfy the 2-out-of-3 property
@ All three classes of maps are closed under retracts
© Cofibrations have the left lifting property with respect to acyclic
fibrations and fibrations have the left lifting property with respect to
acyclic cofibrations

© Every map factors as a cofibration followed by an acyclic fibration
and as an acyclic cofibration followed by a fibration

— abstract homotopy theory / homotopy category / good theory of IIJ
derived functors / etc., etc., etc.
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The Model* Category of Cyclotomic Spectra
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The Model* Category of Cyclotomic Spectra

A pre-cyclotomic spectrum is an orthogonal T-spectrum T together
Wit & ma map o1 orthogonal T-spectra

prOPT 5 T.

A map of pre-cyclotomic spectra is a map of orthogonal T-spectra that
commutes with the structure map.
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The Model* Category of Cyclotomic Spectra

Definition
A pre-cyclotomic spectrum is an orthogonal T-spectrum T together
with a map of orthogonal T-spectra

prOPT 5 T.

A cyclotomic spectrum is a pre-cyclotomic spectrum for which the
structure map is* a weak equivalence.

A map of pre-cyclotomic spectra is a map of orthogonal T-spectra that
commutes with the structure map.
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The Model* Category of Cyclotomic Spectra

A weak equivalence of cyclotomic spectra is a map that is a weak
equivalence of the underlying non-equivariant orthogonal spectra.

w
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The Model* Category of Cyclotomic Spectra

This is precisely a map that is a weak equivalence of non-equivariant
spectra on Cpm geometric fixed points for all m > 0. 5’\9 = gcr«wi

A weak equivalence of cyclotomic spectra is a map that is a weak
equivalence of the underlying non-equivariant orthogonal spectra.
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The Model* Category of Cyclotomic Spectra

Definition
A weak equivalence of pre-cyclotomic spectra is a map that is an
Fp-equivalence of the underlying orthogonal T-spectra.

This is precisely a map that is a weak equivalence of non-equivariant
spectra on Cpm geometric fixed points for all m > 0.

A weak equivalence of cyclotomic spectra is a map that is a weak
equivalence of the underlying non-equivariant orthogonal spectra.

w
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The Model* Category of Cyclotomic Spectra

FX =XV p*®%X v p*®%(p*®% X) v p*®CP (p*®CP (p* @ X) v ..

is a monad on the category of orthogonal T-spectra. i — X

J
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The Model* Category of Cyclotomic Spectra

FX =XV p*®%X v p*®%(p*®% X) v p*®CP (p* @ (p*®P X) v - -

is a monad on the category of orthogonal T-spectra.

The category of pre-cyclotomic spectra is the category of algebras
over the monad F.
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The Model* Category of Cyclotomic Spectra

FX =XV p*®%X v p*®%(p*®% X) v p*®CP (p* @ (p*®P X) v - -

is a monad on the category of orthogonal T-spectra.

The category of pre-cyclotomic spectra is the category of algebras
over the monad F.

Model* structure on pre-cyclotomic spectra created by F from the
Fp-local model structure on orthogonal T-spectra.
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The Model* Category of Cyclotomic Spectra

FX =XV p*®%X v p*®%(p*®% X) v p*®CP (p* @ (p*®P X) v - -
is a monad on the category of orthogonal T-spectra.

The category of pre-cyclotomic spectra is the category of algebras
over the monad F.

Model* structure on pre-cyclotomic spectra created by F from the
Fp-local model structure on orthogonal T-spectra.

Translation

Cofibrations are built by attaching cells of the form

FE9(S™! x T/Cpn)y — FE(B™® x T/Cpm)y
= — e —

<~ —

Fibrations are fibrations of the underlying orthogonal T-spectra I
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Mapping Spectra

Do (pre-)cyclotomic spectra have mapping spectra?

w
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Mapping Spectra

Do (pre-)cyclotomic spectra have mapping spectra?
Is C a spectral functor: FT(T,U) — FT(®% T, d%U) ?

w
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Mapping Spectra

Do (pre-)cyclotomic spectra have mapping spectra?

Is % a spectral functor: F'(T, U) — FH 2% Tp0%U) ?
Spectrum of maps is an equalizer

p*cI)CpTHp*(I)Cp
Fey(T,U) — F*(T,U) = FT(p*®% T, U) Y Y
———— ——m— — ALY

T— U

w
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Mapping Spectra

Do (pre-)cyclotomic spectra have mapping spectra? Yes.
Is % a spectral functor: FT(T,U) — FT(®% T,d%U) ? Yes.
Spectrum of maps is an equalizer

p*q)CpTHp*(I)CpU
Fey(T,U) — F*(T,U) = FT(p*®% T, U) Y Y

T——U

w
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Mapping Spectra

Do (pre-)cyclotomic spectra have mapping spectra? Yes.
Is % a spectral functor: FT(T,U) — FT(®% T,d%U) ? Yes.
Spectrum of maps is an equalizer

p*(I)CpTHp*(I)CpU
Fey(T,U) — F*(T,U) = FT(p*®% T, U) 7 7
T——U

Theorem

Fcy plays nice with cofibrations, fibrations and weak equivalences
(satisfies the analogue of SM7)

w
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Mapping Spectra

Do (pre-)cyclotomic spectra have mapping spectra? Yes.
Is % a spectral functor: FT(T,U) — FT(®% T,d%U) ? Yes.
Spectrum of maps is an equalizer
p*(I)CpTHp*(I)CpU
Fey(T,U) — F*(T,U) = FT(p*®% T, U) Y M

T——U

Theorem

Fcy plays nice with cofibrations, fibrations and weak equivalences
(satisfies the analogue of SM7)

= derived mapping spectrum functor RF¢,

w
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Calculating Mapping Spectra

Spectrum of maps is an equalizer

Foy(T,U) — F™(T,U) = FT(p*®% T, U)

J
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Calculating Mapping Spectra

Spectrum of maps is an equalizer
Fey(T,U) — FT(T,U) = FT(p"®% T, U)
Structure map commuting up to homotopy is a homotopy equalizer

*F Ci * & C
FEo(T, U) 2% F7(T, U) = F7(§ uy TRy
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Calculating Mapping Spectra

Spectrum of maps is an equalizer
Fey(T,U) — FT(T,U) = FT(p"®% T, U)
Structure map commuting up to homotopy is a homotopy equalizer

*F Ci * & C
Foo(T,U) 2% FT(T,U) = F7(p" 0T, prerr =y

T——U

Theorem
If T is a cofibrant cyclotom

y(e-cyclotomic spectrum then

FE(T. U)
—_—
is a level equivalence. ‘J
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TR is corepresentable

Let St = ZF(T 1L (T/Cp) 1T (T/Ce) 11 -+ )

w
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TR is corepresentable

Let Sy = £9°(T I (T/Cp) T1 (T/C) 1 - - - )

OPER(T/Cpm)+ = T77¢,(T/ Cpm) +

w
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TR is corepresentable

Let Sy = £9°(T I (T/Cp) T1 (T/C) 1 - - - )

PTF(T/Cpn)+ = X7, (T/Cpm) 4
= pre%PIR(T/Com)t = TF(T/Cpm1)+
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TR is corepresentable

Let Sy = £9°(T I (T/Cp) T1 (T/C) 1 - - - )

PTF(T/Cpn)+ = X7, (T/Cpm) 4
= pre%PIR(T/Com)t = TF(T/Cpm1)+

Quick Computation 1
p*®% Srg = StR

Use this for cyclotomic structure for Stg.

w
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TR is corepresentable

Str = (T TI (T/Cp) I (T/Cpe) 1 - )

Quick Computation 2

FT(Sta, X) = X x X% x X x ...

J

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 21/23



TR is corepresentable

Str = (T TI (T/Cp) I (T/Cpe) 1 - )

Quick Computation 2

FT(Sta, X) = X x X% x X x ...

SIR — p*fl)cp T

Str—— T

J
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TR is corepresentable

Str = Z(T 11 (T/Cp) 1 (T/C, )+

Quick Computation 2

FT(Sta, X) = X x X% x X% x ...

SIR — p*(I)CP T

Stp—— T

Conclusion

RFC}/(STH) T)=(T x TS « TCp2 % ...)hH

J
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TR is corepresentable

Str = Z(T 11 (T/Cp) 1 (T/C, )+

Quick Computation 2

FT(Sta, X) = X x X% x X% x ...

SIR — p*(I)CP T

Stp—— T
RFC}/(STH) T)=(T x TS « TCp2 % ...)hH

= holim(--- — 7% & ... B, 1)

J
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TR is corepresentable

Str = Z(T 11 (T/Cp) 1 (T/C, )+

Quick Computation 2

FT(Sta, X) = X x X% x X% x ...

SIR — p*(I)CP T

Stp—— T
RFC}/(STH) T)=(T x TS « TCp2 % ...)hH

= holim(--- — 7% & ... B, 1)
= TR(T) J

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 21/23



TC is corepresentable (in pre-cyclotomic spectra)

Let STC,m = Z%O(T/Cpm)+

w
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TC is corepresentable (in pre-cyclotomic spectra)

Let Stc.m = L3°(T/Cpm)+ with pre-cyclotomic structure

p*@%?S1g m = TF(T/Cpn-1)s = T¥(T/Cpm)1 = Stem

w
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TC is corepresentable (in pre-cyclotomic spectra)

Let Stc.m = L3°(T/Cpm)+ with pre-cyclotomic structure
p*@%?S1g m = TF(T/Cpn-1)s = T¥(T/Cpm)1 = Stem

FT(Ste,m, X) = X%

w
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TC is corepresentable (in pre-cyclotomic spectra)

Let Stc.m = L3°(T/Cpm)+ with pre-cyclotomic structure
p*@%?S1g m = TF(T/Cpn-1)s = T¥(T/Cpm)1 = Stem

FT(Ste,m, X) = X%

Quick Computation

RF¢y(Ste,m, T) is the homotopy equalizer of R, F: TCom —y TCm-1,
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TC is corepresentable (in pre-cyclotomic spectra)

Let Stc.m = L3°(T/Cpm)+ with pre-cyclotomic structure
p*@%?S1g m = TF(T/Cpn-1)s = T¥(T/Cpm)1 = Stem

FT(Src,m X) = X%

Quick Computation

RF¢, (Ste.m, T) is the homotopy equalizer of R, F: TC%m — T%m1.

Let St¢ = hocolim St¢,,

w

M.A.Mandell (IU) The Homotopy Theory of Cyclotomic Spectra Oct 2012 22/23



TC is corepresentable (in pre-cyclotomic spectra)

Let Stc.m = L3°(T/Cpm)+ with pre-cyclotomic structure
p*@%?S1g m = TF(T/Cpn-1)s = T¥(T/Cpm)1 = Stem

FT(Ste,m, X) = X%

Quick Computation

RF¢y(Ste,m, T) is the homotopy equalizer of R, F: TCom —y TCm-1,

Le{ St¢ = hocolim St¢,,

RF¢y(Sre, T) = TC(T)
1

— = —
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Is TC corepresentable in cyclotomic spectra?

Conjecture (Kaledin ICM 2010)

There is a homotopy theory of cyclotomic spectra and in it, TC is
corepresented as maps out of the sphere spectrum

w
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Is TC corepresentable in cyclotomic spectra?

Conjecture (Kaledin ICM 2010)

There is a homotopy theory of cyclotomic spectra and in it, TC is

corepresented as maps out of the sphere spectrum after finite
completion

w
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Is TC corepresentable in cyclotomic spectra?

Conjecture (Kaledin ICM 2010)

There is a homotopy theory of cyclotomic spectra and in it, TC is
corepresented as maps out of the sphere spectrum after finite
completion

(Src) = 8"
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Is TC corepresentable in cyclotomic spectra?

Conjecture (Kaledin ICM 2010)

There is a homotopy theory of cyclotomic spectra and in it, TC is
corepresented as maps out of the sphere spectrum after finite
completion

(Src) = 8"

TC(T)" ~ RFCy(S, "

(—

w
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