The Homotopy Groups of K(S)

Michael A. Mandell

Indiana University

UIUC Topology Seminar

April 1, 2015

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015



Overview

Rognes calculated the homotopy groups of K(S) at regular primes.
What happens at irregular primes?

@ Joint work with Andrew Blumb
@ Preprint arXiv:1408.0133

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015 2/15



Overview

Rognes calculated the homotopy groups of K(S) at regular primes.
What happens at irregular primes?

@ Joint work with Andrew Blumberg
@ Preprint arXiv:1408.0133

Outline

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015 2/15



Overview

Rognes calculated the homotopy groups of K(S) at regular primes.
What happens at irregular primes?

@ Joint work with Andrew Blumberg
@ Preprint arXiv:1408.0133

Outline
@ Introduction and main result

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015 2/15



Overview

Rognes calculated the homotopy groups of K(S) at regular primes.
What happens at irregular primes?

@ Joint work with Andrew Blumberg
@ Preprint arXiv:1408.0133

Outline
@ Introduction and main result
© Topological cyclic homology

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015



Overview

Rognes calculated the homotopy groups of K(S) at regular primes.
What happens at irregular primes?

@ Joint work with Andrew Blumberg
@ Preprint arXiv:1408.0133

Outline
@ Introduction and main result
© Topological cyclic homology
© K-theory and étale cohomology

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015



Overview

Rognes calculated the homotopy groups of K(S) at regular primes.
What happens at irregular primes?

@ Joint work with Andrew Blumberg
@ Preprint arXiv:1408.0133

Outline
@ Introduction and main result
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Theorem (Waldhausen)
The linearization map K(S) — K(Z) is a rational equivalence.
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~

Consequence: Long exact sequence

- = mK(S)p — maK(Z)p@mn(TC(S)p) = mn(TC(Z)p) — mn1K(S)p — -

Theorem (Main Theorem)

The sequence mnK(S)p — mnK(Z)p fo mn(TC(S)p) — mn(TC(Z)y) is
split short exact. (p > 2) - 2
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Table: wpK(S) in low degrees

n T, K(8) ](.((]L\

0|z

1 Z/2

2 z/2

3 Z/8 x 23 z/2

o)

5|2

6 Z/2

7 Z/16 % 213 % B/5 Zj2 [/
8 (Z/2)2 @ Ky(Z)

9|2 @ (B/2) y Z/2
10 Z/2x L3 s Z/8 x (Z/2)?
11 T8 x IO x BT y Z/2 Z/3 |
12 ) Zj4 ) K1(Z)
13|Z @ Z/3
14 (Z/2) ;B4 Z/3 & B9
15 Bi32x Zf2x 23 = Bf5 (Z/2)*
16 (E]2)* Zi8x L2 o Z/3 @ Kig(Z)
17| Z (E/2)* (E/2)?
18 /8 x L2 @ Z/32x (Z/2)° Z/3 x Z/5
19 Z/8x T2 x T3 x /11 @ [64] <~
20 28 % L3 28] L ® Z/3 @ Kao(Z)
0|2 @ (Z/2) [16] & u Z/3 £\ I'IJ
22 (E/2)? [2* & @ Z/3 m
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Topological Cyclic Homology
Topological Cyclic Homology

TC(R) is built from the fixed points of THH(R) and
extra “cyclotomic” operators.
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Topological Cyclic Homology
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Topological Cyclic Homology
TC of the Linearization Map

Originally studied by Klein and Rognes % —
TC(S)p TC(Z)p
Sp Vv ZS§V CPZ, JVEjVV(S210) v 2Ty
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Topological Cyclic Homology
TC of the Linearization Map

Originally studied by Klein and Rognes

What we need is easy using K(1)-localization:
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. ve ~\ o\ Y 777

JVEjV (T2 v sty SVEVEY
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S(p) = Z(p) is (2p — 3)-connected
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! 1=

TC(2)510,00) —=— TC(Zp)p[0, o0)

TC(Z)p[0,00) ~ jVEjV Ebup, LxyTC(Z) ~JVEJVEKU
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K-Theory and Etale Cohomology

Some Facts About Lx(1)K(Z), Lx1)K(Zp)

Theorem (Thomason)
LetR=7 or Zfo\. Let M be a p-torsion group or a pro-p-group.

AL
maq(Lk(K(R)): M) = H,(RI[1/p]; M(q)) ® H3,(R[1/pl; M(q + 1®
( (R): M) = H,(R[1/pl; M(q))

Theorem (Poitou-Tate Duality)

Exact sequence

HL(Z[1/pl: Z5(q)) — HL(Qp: Zp(q)) — (HA(Z[1/p), Z/p>>(1 — q)))*.
",
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K-Theory and Etale Cohomology
A Fact About H,

H(Z[1/p); Z/p>(~m(p — 1))) = 0
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H(Z[1/p); Z/p>(—-m(p — 1))) = 0
Ultimately boils down to (CI(&g(,))p)!" = 0

Corollary

K(Z)p — TC(Z), is surjective on mp forn=1 (mod 2(p — 1)).
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K-Theory and Etale Cohomology
A Fact About H,

Theorem
H(Z[1/p); Z/p>(—-m(p — 1))) = 0
Ultimately boils down to (CI(&g(,))p)!" = 0

Corollary
K(Z)p — TC(Z), is surjective on mp forn=1 (mod 2(p — 1)).

Actually, K(Z)} splits K(Z)}) ~ jv@ rest

K(Z), jVrestv ¥2r-ly
TC(Z)) JVEjv (VX210 v X2y i
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The Main Theorem

The Linearization/Cyclotomic Trace Square

K(S)p K(Z)

| |

SVEISVCPY ——jVvEjv (V21 ver-y
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The Main Theorem

The Linearization/Cyclotomic Trace Square

K(S)p K(Z)

| |

SVEISVCPY ——jVvEjv (V21 ver-y

Let ¢ = hofib(S, — j) “coker j”

Theorem (Main Theorem)

p-tors(K(S)) = p-tors(S) & p-tors(X.c) & p-tors(CP" ) & p-tors(K™4(Z))

w
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The Main Theorem

n \L | T, K(8) R
0|z v g Z J‘/
1 Z/2 J/ (uy
2 z/2 — &
3 Z'.fs x L3 n Z/2 iC/ &‘o -1 L 7L
1|0
502
6 Z/2
7 Z/16 x Z/3 x &5 Z/2
8 (Z/2)2 @ Ky(Z)
9| % (Z/2)* Z/2
10 Z/2x /3 Z/8 x (Z/2)?
11 Z/8 x /9 = T/7 Z/2 Z/3
12 Z/4 ) Ko(Z)
13|Z & E/3
14 (Z/2)> ) Ef4 Z/3 & Z/9
15 Bi32x Zf2x 23 = Bf5 (Z/2)*
16 (E]2)* /8 x L2 23 @ Kwsl(Z)
17| Z (E/2)* (E/2)?
18 /8 x L2 @ Z/32x (Z/2)° Z/3 x Z/5
19 Z/8x Z/2x Z/3 = /11 & [64]
20 Z/8 % Z[3 3 [128) /3 @ Kaol(Z)
21| 7 (E/2)? [16] y /3
22 (E/2)? 27 Z/3 ) Z/6O1

M.AMandell (IU)

The Homotopy Gi

Apr 2015



Nilpotence

Multiplication on 7,.K(S) is Nilpotent

Suffices to consider rational part, p-torsion separately

Rational part is in odd degrees

Saw K(Z), — TC(Z), is surjective on 7, for n =1 (mod 2p — 2).
Implies 7,K(Z) = 0 for n=0 (mod 2p — 2) (Poitou-Tate).

Implies 7, hofib(trc) = 0 for n =0 (mod 2p — 2).
Also for p = 2, mp hofib(trc) = 0 for n =0 (mod 8).

So K(S), — TC(S), injective on 7, for n=0 (mod 8p — 8).
Suffices to see 7. TC(S), is nilpotent.

TC(S)) =~ Sp vV ZCP

M.A.Mandell (IU) The Homotopy Groups of K(S) Apr 2015



